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Abstract
We obtain sharp estimates for the localized distribution function
of the dyadic maximal functionMdφ. when φ belongs to L
p,∞. Using
this we obtain sharp estimates for the quasi-norm of Mdφ in L
p,∞
given the localized L1-norm and certain weak Lp-conditions
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1 Introduction
The dyadic maximal operator on Rn is defined by
Mdφ(x) = sup
{
1
|Q|
∫
Q
|φ(u)|du : x ∈ Q,Q ⊆ Rn is a dyadic cube
}
(1.1)
for every φ ∈ L1loc(R
n), where the dyadic cubes are those formed by the grids
2−NZn for N = 0, 1, 2, .... It is known that it satisfies the following weak type
(1, 1) inequality
| {x ∈ Rn :Mdφ(x) > λ} | ≤
1
λ
∫
{Mdφ(x)>λ}
|φ(u)|du (1.2)
for every φ ∈ L1(Rn) and every λ > 0 from which we easily get the following
Lp inequality
||Mdφ||p ≤
p
p− 1
||φ||p. (1.3)
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One way of studying such maximal operators is the computation of the so-
called Bellman functions related to them, which reflect certain deeper prop-
erties of these maximal operators. Such functions related to inequality (1.3)
are precisely evaluated [4], [5]. Actually if we define for any p > 1
Bp(f, F ) = sup
{
1
|Q|
∫
Q
(Mdφ)
pdu :
1
|Q|
∫
Q
φ = f,
1
|Q|
∫
Q
φp = F
}
(1.4)
where Q is a fixed dyadic cube, φ is non-negative in Lp(Q) and F, f satisfy
0 ≤ f ≤ F 1/p. It is proved in [4] that Bp(f, F ) = Fωp(
fp
F
)p where ωp :
[0, 1]→ [1, p
p−1
] is the inverse function of Hp(z) = −(p− 1)z
p + pzp−1.Using
the above result it is possible to compute more complicated functions related
to maximal dyadic-like operators.
The case where p < 1 is studied in [5] where it was completely solved.
One may look (1.4) as an extremum problem which reflects the deeper struc-
ture of dyadic-maximal operators. Certain other extremum problems arise
in this spirit. Some of these are the computation of the following functions
B(f, F ) = sup
{
||MT φ||p,∞ : φ ≥ 0,
∫
X
φdµ = f, |||φ|||p,∞ = F
}
,
0 < f ≤ F (1.5)
and
B1(f, F ) = sup
{
||MT φ||p,∞ : φ ≥ 0,
∫
X
φdµ = f, ||φ||p,∞ = F
}
,
0 < f ≤
p
p− 1
F (1.6)
where (X, µ) is a non-atomic probability measure space, T a tree on X and
MT the corresponding maximal operator as it will defined in the sequel.
Additionally
||φ||p,∞ = sup
{
λµ ({φ > λ})1/p : λ > 0
}
(1.7)
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is the standard quasi-norm in Lp,∞ and
sup
{
µ (E)−1+1/p
∫
E
|φ|dµ : E ⊆ X measurable, such that µ(E) > 0
}
(1.8)
is an equivallent norm in Lp,∞.
In this article we exactly compute these functions. In fact we set.
B(f, F, λ) = sup{µ({Mφ ≥ λ}) : φ ≥ 0,
∫
X
φdµ = f, |||φ|||p,∞ ≤ F}. (1.9)
for 0 < f ≤ F , λ > 0 and
B1(h, F, λ) = sup
{
µ ({Mφ ≥ λ}) : φ ≥ 0,
∫
X
φdµ = f, ‖φ‖p,∞ = F
}
(1.10)
for 0 < f ≤ p
p−1
F , λ > 0 and we compute them. After that the computation
of (1.5) and (1.6) is an easy task.
Additionally it is not difficult to compute
B2(f, F, λ) = sup
{
µ ({Mφ ≥ λ}) : φ ≥ 0,
∫
X
φdµ = f, |||φ|||p,∞ = F
}
(1.11)
for the range f < λ ≤ (F p/f)1/(p−1), by the method that (1.10) is computed,
while the proof remains the same for λ > (P p/f)1/(p−1), as it is in Theorem
3.1. The result is that:
B2(f, F, λ) = B(f, F, λ).
Related problems are studied in [6]. In all these problems the correspond-
ing functions are independent from the particular tree T and the measure
space (X, µ).
2 Some general facts
Let (X, µ) be an non-atomic probability measure space. We begin with the
following
Lemma 2.1 Let φ : X → R+ measurable and I ⊆ X be measurable with
µ(I) > 0. suppose that AvI(φ) =
1
µ(I)
∫
I
φdµ = s. Then for every β ∈
(0, µ(I)] there exists measurable set Eβ ⊆ I with µ(Eβ) = β such that
1
µ(Eβ)
∫
Eβ
φdµ = s.
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Proof.
Consider the measure space (I, µ/I) and define ψ : I → R+ with ψ(t) = φ(t),
t ∈ I, so that ψ = φ/I.
Then, if ψ∗ : [0, µ(I)] → R+ is the decreasing rearrangement of ψ, we
have that
1
β
∫ β
0
ψ∗(u)du ≥
1
µ(F )
∫ µ(I)
0
ψ∗(u)du = s ≥
1
β
∫ µ(I)
µ(I)−β
ψ∗(u)du. (2.1)
The inequalities are obvious because ψ∗ is decreasing while the equality is
true because of ∫ µ(I)
0
ψ∗(u)du =
∫
I
φdµ.
From (2.1) it is deduced that there exists a r ≥ 0 such that β + r ≤ µ(I)
with
1
β
∫ β+r
r
ψ∗(u)du = s. (2.2)
It is now easily seen that there exists an Eβ measurable subset of I such that
µ(Eβ) = β and
∫
Eβ
φdµ =
∫ β+r
r
ψ∗(u)du. (2.3)
(2.2) and (2.3) now give the conclusion of Lemma 2.1.
We prove now the following
Proposition 2.2 Let φ : X → R+ measurable,
∫
X
φdµ = f, |||φ|||p,∞ =
F (f ≤ F ) . Let I ⊆ X be measurable with µ(I) > 0 such that AvI(φ) = s.
Define ψ : X → R+ with
ψ(t) =
{
φ(t), t ∈ X\I
s, t ∈ I
(2.4)
Then ψ ∈ Lp,∞, |||ψ|||p,∞ ≤ F and
∫
X
ψdµ = f.
Proof.
It is clear that
∫
X
ψdµ =
∫
X
φdµ = f .Let now E ⊆ X be measurable with
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µ(E) > 0. We prove that µ (E)−1+1/p
∫
E
ψdµ ≤ F . We write E = E1 ∪ E2
with E1 ⊆ X\I, E2 ⊆ I and µ(E1) + µ(E2) > 0. Then
µ (E)−1+1/p
∫
E
ψdµ =
∫
E1
ψdµ+
∫
E2
ψdµ
(µ(E1) + µ(E2))1−1/p
=
∫
E1
φdµ+ sµ(E2)
(µ(E1) + µ(E2))1−1/p
(2.5)
Using Lemma 1 we have that s ≤ 1
µ(Eβ)
∫
Eβ
φdµ for some Eβ measurable
subset of I with µ(Eβ) = µ(E2). Hence from (2.5) we deduce that
µ (E)−1+1/p
∫
E
ψdµ ≤
∫
E1
φdµ+
∫
Eβ
φdµ
(µ(E1)+µ(E2))1−1/p
= µ (E1 ∪ Eβ)
−1+1/p ∫
E1∪Eβ
φdµ
≤ |||φ|||p,∞ = F
(2.6)
so that |||ψ|||p,∞ ≤ F and the proposition is proved.
Let now (X, µ) be a non-atomic probability measure space. Two measur-
able subsets A,B of X will be call almost disjoint if µ(A ∩ B) = 0. We give
now the following
Definition 2.1 A set T of measurable subsets of X will be called a tree if the
following conditions are satisfied:
i) X ∈ T and for every I ∈ T we have µ(I) > 0
ii) For every I ∈ T there corresponds a finite subset C(I) ⊆ T containing at
least two elements such that:
(a)the elements of C(I) are pairwise almost disjoint subsets of I.
(b)I = ∪C(I)
iii) T = ∪m≥(0)T(m) where T0 = {X} and T(m+1) = ∪I∈T(m)C(I)
iv) limm→∞ supI∈T(m)µ(I) = 0
From [4] we have the following
Lemma 2.3 For every I ∈ T and every a such that 0 < a < 1 there exists a
subfamily F(I) ⊆ T consisting of pairwise almost disjoint subsets of I such
that
µ
(
∪J∈F(I)J
)
=
∑
J∈F(I)
µ(J) = (1− a)µ(I).
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Let now (X, µ) be a non-atomic probability measure space and T a tree as
in definition (1.1). We define the associated maximal operator to the tree T
as follows: Let φ be function on X such that φ ∈ L1(X, µ) then
MT φ(x) = sup
{
1
µ(I)
∫
I
|φ|dµ : x ∈ I ⊆ T
}
(2.7)
for every x ∈ X . Due to proposition (1.2) in order to find
sup
{
µ({MT φ ≥ λ}) : φ ≥ 0,
∫
X
φdµ = f, |||φ|||p,∞ ≤ F
}
we may assume that φ = λ on the set where MT φ ≥ λ.
As for the domain of the respective extremal problem it is easy to see that
it is as mentioned in equations (1.5) and (1.6). More precisely there exists a
non negative φ and not equal to the zero function such that
∫
X
φdµ = f and
|||φ|||p,∞ = F if and only if 0 < f ≤ F for (1.5) and analogously for (1.6).
3 The first extremal problem
Theorem 3.1 Let (X, µ) be a non atomic probability measure space, T a
tree on the measure space X and MT =M the associated maximal operator,
then the following holds
B(f, F, λ) = sup
{
µ ({Mφ ≥ λ}) : φ ≥ 0,
∫
X
φdµ = f, |||φ|||p,∞ ≤ F
}
= min(1, f/λ, F p/λp)
where 0 < f ≤ F, λ > 0.
Proof.
We calculate
min(1, f/λ, F p/λp) =


1, 0 < λ ≤ f
f/λ, f < λ ≤
F p/λp, (F p/f)1/(p−1) < λ
For 0 < λ ≤ f it is implied µ({Mφ ≥ λ}) = µ(X) = 1 for any φ such that∫
X
φdµ = f . For f < λ ≤ (F p/f)1/(p−1) it is proved in [6] that
sup
{
µ ({Mφ ≥ λ}) : φ ≥ 0,
∫
X
φdµ = f,
∫
X
φpdµ = F p
}
= f/λ (3.1)
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since Lp(X, µ) ⊂ Lp,∞(X, µ) and
∫
X
φpdµ = F p implies |||φ|||p,∞ ≤ F we lead
to B(f, F, λ) = f/λ due to
µ({Mφ ≥ λ}) ≤
∫
{Mφ≥λ}
φ
λ
≤ f/λ, ∀λ > 0
We prove now the rest of the theorem by showing that B(f, F, λ) = F p/λp,
when λ > (F p/f)1/(p−1). Without loss of generality we suppose that F =
1, f ≤ 1. We first prove that B(f, F, λ) ≤ 1/λp for every λ > 0. For this let
φ : X → R+ with |||φ|||p,∞ ≤ 1,
∫
X
φdµ = f and λ > 0. If λ < f ≤ 1 ⇒
B(f, F, λ) = 1 < 1
λp
. Let now λ ≥ f ; if we set K = {Mφ ≥ λ} we have
that K = ∪jIj where Ij ∈ T almost dijoint and
1
µ(Ij)
∫
Ij
φdµ ≥ λ so that∫
Ij
φdµ ≥ λµ(Ij), ∀j. Summing over the indices we obtain
∫
K
φdµ =
∫
∪jIj
φdµ ≥ λµ (∪jIj) = λµ(K). (3.2)
However, |||φ||| ≤ 1 ⇒ µ(K)−1+1/p
∫
K
φdµ ≤ 1 and since (3.2) is valid we
end up to µ({Mφ ≥ λ}) = µ(K) ≤ 1/λp. Therefore B(f, F, λ) ≤ 1/λp for
every λ > 0. We prove the inverse inequality for λ > (1/f)1/(p−1) , F = 1.
We show it first for the case where (X, µ) = ([0, 1], | · |) where | · | denotes the
Lebesque measure. Let φ : [0, 1]→ R+ be the function defined by
φ(t) =


(1− 1/p)(t+ 1/λp)−1/p, 0 ≤ t < A
0, A ≤ t ≤ 1− 1/λp
λ, 1− 1/λp < t ≤ 1
(3.3)
where A = f p/(p−1)−1/λp ≤ 1−1/λp. We prove that
∫
X
φdµ = f , |||φ|||p,∞ =
1. For t ∈ [0, A] we have that
∫ t
0
φ(s)ds = (t+ 1/λp)1−1/p − 1/λp−1 (3.4)
For A ≤ t ≤ 1 − 1
λp
:
∫ t
0
φ(s)ds = f − 1
λp−1
thus
∫ 1
0
φ(s)ds = f . It is quite
clear | {φ ≥ λ} | ≥ |[1 − 1/λp, 1]| = 1/λp and for every t ∈ [0, 1 − 1/λp] we
derive that ∫ t
0
φ(s)ds ≤ (t + 1/λp)1−1/p − (1/λp)1−1/p (3.5)
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therefore for every E ⊂ [0, 1− 1/λp] with |E| > 0 we find
∫
E
φ(s)ds ≤
∫ |E|
0
φ(s)ds ≤ (|E|+ 1/λp)1−1/p − (1/λp)1−1/p (3.6)
since φ is decreasing on [0, 1− 1/λp].
We now prove that |||φ|||p,∞ ≤ 1. It is enough to prove that
λ|E1|+
∫
E2
φ(s)ds
(|E1|+ |E2|)1−1/p
≤ 1 (3.7)
for every E1 ⊆ [1−1/λ
p, 1] and every E2 ⊆ [0, 1−1/λ
p] such that |E1|+|E2| >
0. Equation (3.7) is equivalent to
∫
E2
φ(s)ds ≤ inf
{
(|E1|+ |E2|)
1−1/p − λ|E1| : |E1| ≤ 1/λ
p
}
= inf
{
(a+ |E2|)
1−1/p − λa : 0 ≤ a ≤ 1/λp
}
.
(3.8)
We define g : [0, 1/λp] → R+ by g(a) = (a + |E2|)
1−1/p − λa. Since g is a
concave function of a and (x+ y)q ≤ xq + yq for x, y ≥ 0, q < 1, we derive
inf {g(a) : 0 ≤ a ≤ 1/λp} = min {g(0), g(1/λp)}
= min
{
|E2|
1−1/p, (1/λp + |E2|)
1−1/p − (1/λp)1−1/p
}
= (1/λp + |E2|)
1−1/p − 1/λp−1.
Therefore in order to prove that |||φ|||p,∞ ≤ 1 it is enough to show∫
E2
φ(s)ds ≤ (1/λp + |E2|)
1−1/p − 1/λp−1
for every E2 ⊆ [0, 1−1/λ
p] which is true by (3.6). Thus we obtain |||φ|||p,∞ ≤
1. In addition |||ψ|||p,∞ ≥ ||ψ||p,∞ for every ψ ∈ L
p,∞ and
| {φ > λ− ǫ} | ≥ 1/λp
for every ǫ > 0 small enough for our specified φ. Therefore ||φ||p,∞ ≥ 1
consequently
|||φ|||p,∞ ≥ 1.
We have proved that |||φ|||p,∞ = 1.
We prove now that for λ >
(
1
f
) 1
p−1
, F = 1 we have B(f, F, λ) ≥ 1/λp for
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the general case. Let (X, µ) be a non atomic probability space and T be a
tree on X . From Lemma 2.3 there exists a sequence {Ij}j of almost disjoint
subsets of X such that µ(∪Ij) =
∑
j µ(Ij) = 1/λ
p. We set Z = X\ (∪jIj).
Then µ(Z) = 1 − 1/λp. Let now φ be the function defined by the following
way: φ : [0, 1− 1/λp]→ R+ with
φ(t) =
{
(1− 1
p
)(t+ 1/λp)−1/p, 0 < t ≤ A
0, A < t ≤ 1− 1/λp
(3.9)
where A is such that
∫ A
0
φ(s)ds = f − 1/λp−1.
Since
∫ 1−1/λp
0
(1− 1
p
)(s+ 1/λp)−1/pds = 1 − 1/λp−1 ≥ f − 1/λp−1 this choice
of A is possible.
The measure space (Z, µ|Z) is non-atomic finite thus there exists ψ1 : Z →
R
+ with ψ∗1 = φ, where ψ
∗
1 is the decreasing rearrangement of ψ1. Define
now ψ : X → R+ by
ψ(t) =
{
ψ1(t), t ∈ Z
λ, t ∈ ∪jIj
(3.10)
Then ψ is a well defined measurable function on X and∫
X
ψdµ =
∫
Z
ψ1dµ+ λµ(∪jIj)
=
∫ 1−1/λp
0
φ(u)du+ 1/λp−1 = f
(3.11)
In addition for every E ⊆ Z∫
E
ψdµ =
∫
E
ψ1dµ ≤
∫ |E|
0
ψ∗1(s)ds =
∫ |E|
0
φ(u)du ≤ (|E|+1/λp)1−1/p−1/λp−1
(3.12)
so as before we can conclude that |||ψ|||p,∞ ≤ 1. Due to | {ψ = λ} | ≥ |∪jIj | ≥
1/λp we can see that ||ψ||p,∞ ≥ 1 and from the inequality ||ψ||p,∞ ≤ |||ψ|||p,∞
we deduce |||ψ|||p,∞ = 1. Finally µ({Mψ ≥ λ}) ≥ 1/λ
p and this implies
B(f, 1, λ) ≥ 1/λp hence B(f, 1, λ) = 1/λp for λ > ( 1
f
)
1
p−1 . Theorem 4.1 is
proved.
A direct consequence of the Theorem 4.1 is the following
Corollary 3.2 Let 0 < f ≤ F and
B(f, F ) = sup
{
||Mφ||p,∞ :
∫
X
φdµ = f, |||φ|||p,∞ = F
}
.
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Then B(f, F ) = F
Proof.
It is easy to see that in the definition ofB(f, F, λ) we can replace µ({Mφ ≥ λ})
by µ({Mφ > λ}). By theorem (1.4) we derive µ({Mφ > λ}) ≤ F
p
λp
for every
φ such that |||φ|||p,∞ = F and for every λ > 0; therefore λ
pµ ({Mφ > λ}) ≤
F p, which means ||Mφ||p,∞ ≤ F if |||φ|||p,∞ = F . However, for λ >
(F p/f)1/(p−1) it is implied B(f, F, λ) = F p/λp and the supremum is attained
for some φ such that |||φ|||p,∞ = F and
∫
X
φdµ = f hence B(f, F ) = F for
0 < f ≤ F .
4 The second extremal problem
We now prove the following:
Theorem 4.1 Let (X, µ) be a non atomic probability measure space, T a tree
on X, MT =M the associated maximal operator. Then for 0 < f ≤
p
p−1
F
we have that
B1(f, F, λ) = sup
{
µ( {Mφ ≥ λ}) :
∫
X
φ dµ = f, ||φ||p,∞ = F
}
= min(1, f/λ, kpF p/λp) =


1, 0 < λ < f
f/λ, f ≤ λ < (F pkp/f)1/(p−1)
kpF p/λp, λ ≥ (F pkp/f)1/(p−1)
where k = p/(p− 1) and ||φ||p,∞ = sup
{
λµ ({φ > λ})1/p : λ > 0
}
Proof.
We assume that F = 1, f ≤ k and we search for B1(f, 1, λ). We observe
that ||φ||p,∞ = 1 implies |||φ|||p,∞ ≤ k since for every ψ ∈ L
p,∞ it is true that
|||ψ|||p,∞ ≤
p
p−1
||ψ||p,∞ Therefore
µ ({Mφ ≥ λ})−1+1/p
∫
{Mφ≥λ}
φdµ ≤ k (4.1)
however,
∫
{Mφ≥λ}
φdµ ≥ λ ·µ ({Mφ ≥ λ}) thus (4.1) yields µ ({Mφ ≥ λ}) ≤
kp/λp for every λ > 0. Hence for λ > (kp/f)1/(p−1),
B1(f, 1, λ) ≤ k
p/λp (4.2)
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We proceed proving the reverse inequality of (4.2); Lemma 2.3 implies the
existense of a sequence Ij of pairwise almost disjoint subsets of X such that
Ij ∈ T for every j and
∑
j µ(Ij) = µ (∪jIj) = k
p/λp. For all values of λ
satisfying kp/λp < f/λ < 1 the particular choice of (Ij)j is possible. Since
∫ kp/λp
0
t−1/pdt = kp/λp−1 = λ
∑
j
µ(Ij) (4.3)
it is not difficult to see using Lemma 2.1 repeatedly that there exists a se-
quence (Aj)j of measurable pairwise disjoint subsets of [0, k
p/λp] such that∑
j |Aj| = k
p/λp and
∫
Aj
t−1/pdt = λ|Aj| with |Aj| = µ(Ij) for any j. For
every j we set ξj : Aj → R
+ defined as ξj(t) = t
−1/p for t ∈ Aj . Let
ψj : [0, |Aj|] → R
+ with ψj = ξ
∗
j , the decreasing rearrangement of ξj and
since (Ij, µ|Ij) is a non-atomic finite measure space, there exists measurable
φj : Ij → R
+ such that φ∗j = ψj . Therefore
∫
Ij
φjdµ =
∫ |Aj |
0
ψj(t)dt =
∫
Aj
ξj(t)dt =
∫
Aj
t−1/pdt = λµ(Ij)
thus
AvIj (φ) =
1
µ(Ij)
∫
Ij
φdµ = λ.
Since {Ij}j is almost disjoint there exists a well-defined function φ
′ : ∪jIj →
R
+ such that φ′ = φj µ-almost everywhere on Ij . Then for every θ > 0 with
1/θp ≤ kp/λp we deduce that
µ({φ′ > θ}) =
∑
j µ({φ
′ > θ} ∩ Ij) =
∑
j |
{
φ∗j > θ
}
|
=
∑
j | {ψj > θ} | = |
{
t > 0 : t−1/p > θ
}
|
= 1/θp
For θ > 0 such that 1/θp > kp/λp,
µ({φ′ > θ}) ≤ µ(∪jIj) = k
p/λp.
The following holds
∫
∪jIj
φ′dµ = λ
∑
j
µ(Ij) = k
p/λp−1
11
We extend the function φ′ to φ : X → R+ such that
∫
X
φdµ = f , ||φ||p,∞ = 1
and {Mφ ≥ λ} ⊇ ∪jIj . We proceed as follows to define φλ : [0, 1−k
p/λp]→
R
+ as
φλ(t) =
{
(t+ kp/λp)−1/p , 0 ≤ t ≤ A1
0 , A1 < t ≤ 1− k
p/λp
where A1 is such that ∫ A1
0
φλ(t)dt = f − k
p/λp−1 (4.4)
Since
∫ 1−kp/λp
0
(t+kp/λp)−1/pdt = k−kp/λp−1 ≥ f−kp/λp−1 , (4.4) is possible
for some A1 ≤ 1− k
p/λp. Then for θ < (kp/λp)−1/p = λ/k
| {φλ ≥ θ} | ≤ |
{
t ∈ [0, 1− kp/λp] : (t + kp/λp)−1/p > θ
}
| = θ−p − kp/λp
However
φλ(t) ≤ λ/k
for every t ∈ [0, 1− kp/λp], which gives
| {φλ > θ} |= 0
for θ > λ/k. Obviously
µ(X\(∪jIj)) = µ(Z) = 1− k
p/λp
so there exists φ′′ : Z → R+ with(φ′′)∗ = φλ. Then∫
Z
φ′′dµ = f − kp/λp−1
and
µ ({φ′′ ≥ θ}) ≤
{
0, if θ > λ/k
θ−p − kp/λp, if θ ≤ λ/k
hence by defining
φ(t) =
{
φ′(t), if t ∈ ∪jIj
φ′′(t), if t ∈ Z
we obtain ∫
X
φdµ = f, ‖ φ ‖p,∞= 1 (4.5)
µ({Mφ ≥ λ}) ≥ kp/λp (4.6)
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therefore B1(f, 1, λ) = k
p/λp for λ > (kp/f)1/(p−1). In order to prove the
theorem it is enough to show that B1(f, 1, λ) = f/λ for f < λ ≤ (k
p/f)1/(p−1)
We show it using the following arguments; for every φ ∈ Lp,∞ such that∫
X
φdµ = f , it is true that µ({Mφ ≥ λ}) ≤ f/λ, so that B1(f, 1, λ) ≤ f/λ.
We also need to prove the reverse inequality;it is easy to see that there exists
G : [0, f/λ]→ R+ strictly decreasing, continous, convex function such that
∫ f/λ
0
G(t)dt = f, G(t) ≤ t−1/p for every t
limt→0+ G(t) = +∞, limt→+∞ (| {G > t} | t
p) = 1
(4.7)
The existence of such a function G is possible since the following holds
∫ f/λ
0
t−1/pdt = κ(f/λ)1−1/p > f.
By Lemma 2.3 there exists a sequence {Ij} of pairwise almost disjoint el-
ements of T such that
∑
j µ(Ij) = f/λ. Then,
∫ f/λ
0
G(t)dt = λ
∑
j µ(Ij).
Using again Lemma 2.1 repeatedly we see that there exists a measurable
partition of [0, f/λ], {Aj} such that | Aj |= µ(Ij) and
∫
Aj
G(t)dt = λ | Aj |,
for every j. We define φj : Ij → R
+ by φ∗j = (G|Aj)
∗. Then
∫
Ij
φjdµ =∫
Aj
G(t)dt = λµ(Ij), implying AvIj (φ) = λ where φ = φj almost everywhere
on Ij and φ = 0 on the complement of ∪jIj. Then for every θ such that
θ−p ≤ f/λ
µ({φ > θ}) =
∑
j
µ({φj > θ} ∩ Ij) = | {G > θ} | ≤ θ
−p
However
µ({φ > θ}) ≤ µ(∪jIj) = f/λ
for every θ such that f/λ ≤ θ−p. Thus
∫
X
φdµ = f and ||φ||p,∞ ≤ 1.
Due to (4.7) ||φ||p,∞ = 1. However,
µ({Mφ ≥ λ}) ≥ µ(∪jIj) = f/λ
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As a result B1(f, 1, λ) = f/λ for f < λ ≤ (k
p/f)1/(p−1). The theorem is
proved.
We state the following
Corollary 4.2 Let B1(f, F ) =
= sup
{
||Mφ||p,∞ : φ ≥ 0,
∫
X
φdµ = f, ||φ||p,∞ = F
}
where f ≤ kF and k =
p/(p− 1). Then B1(f, F ) = kF
Proof.
For any φ ≥ 0 such that
∫
X
φdµ = f and ||φ||p,∞ = F , we deduce that
|||φ|||p,∞ ≤ kF thus from Corrolary 1.5 B1(f, F ) ≤ kF . Theorem 1.4
implies that there exists φ ≥ 0 such that ||φ||p,∞ = F ,
∫
X
φdµ = f and
sup
{
λµ({Mφ ≥ λ})1/p : λ > 0
}
= kF hence ||Mφ||p,∞ = kF . Therefore
B1(f, F ) = kF and the corrolary is proved.
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